Goodness-of-Fit for Mechanical Properties Distribution of Larch by Lu, J. X. et al.
GOODNESS-OF-FIT FOR MECHANICAL PROPERTIES
DISTRIBUTION OF LARCH
J. X. Lu
Professor
College of Material Science and Engineering
Central South University of Forestry and Technology
Changsha, 410004, China
and
Research Institute of Wood Industry
Chinese Academy of Forestry
Beijing 100091, China
E-mail: jianxiong@caf.ac.cn
J. H. Jiang*
Assistant Professor
Research Institute of Wood Industry
Chinese Academy of Forestry
Beijing 100091, China
E-mail: jiangjh@caf.ac.cn
Y. Q. Wu
Professor
E-mail: wuyq0506@126.com
Y. Liu
Professor
College of Material Science and Engineering
Central South University of Forestry and Technology
Changsha, 410004, China
E-mail: liuyuan601220@163.com
(Received May 2012)
Abstract. Six different probability distributions, Johnson’s SB, 2p-lognormal, 3p-lognormal, normal,
2p-Weibull, and 3p-Weibull, were used for testing their relative goodness of fit in describing modulus of
rupture (MOR), modulus of elasticity (MOE), ultimate tension strength (UTS), and ultimate compression
strength (UCS) of larch (Larix gmelini) dimension lumber. The populations of lumber consisted of 80 data
sets with different mechanical properties, sizes, and structural grades. The Kolmogorov-Smirnov test was
selected to be the goodness-of-fit criteria in this study. The 5- and 50-percentile values of these four different
mechanical properties of larch lumber were estimated using both the inverse function of various distribution
functions and the nonparametric method. Results indicated that 3p-lognormal was the optimal function
in describing MOE of larch lumber. The 5- and 50-percentile estimations using the inverse function of
3p-lognormal were the closest values derived through the nonparametric method. Johnson’s SB was the best
one in describing MOR, UTS, and UCS. The 5- and 50-percentile estimations using the inverse function
of Johnson’s SB were the closest values derived with the nonparametric method. The distributions of these
four mechanical properties of larch lumber were independent of the structural grade and size.
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INTRODUCTION
For the last two centuries, normal distribution
has been used for describing the distribution of
physical and mechanical properties of both solid
wood and wood-based panels. The 3p-Weibull
distribution was introduced by Pellicane and
Bodig (1981) to describe the data distribution
of modulus of rupture (MOR) of Douglas-fir
(Pseudotsuga menziesii) and larch (Larix
occidentalis) dimension lumber. Barrett and
Lau (1994) reported that the 2p-lognormal and
Weibull distributions had been used increas-
ingly for modeling lumber stiffness and strength
properties. Although the normal distribution fits
modulus of elasticity (MOE) data well in the
range of practical interest because of its sym-
metry and bell shape, theoretically, the Weibull
distribution should be the most appropriate
model for modeling lumber strength. Derived
from a probabilistic analysis of the strength of
brittle materials, the Weibull distribution has
been applied frequently in the research of wood
structure. Lu et al (2007) investigated the distri-
bution of wood fiber length and found that the
2p-lognormal distribution provided the smallest
fiber lengths with a good fit and the Weibull
modeled the largest fiber lengths satisfactorily.
With rapid development of computer technol-
ogy, Pellicane and Collins (1984) discovered
that Johnson’s SB was more suitable to describe
MOE and MOR data distribution of dimension
lumber and small clear wood. SB distribution
was particularly well suited to describe positively
and negatively skewed data. The 5-percentile
estimation has been widely used for MOR of
structural dimension lumber and other structural
wood-based materials. When fitted functions
were used in reliability analysis, a good fit in
the lower tail area was essential, which makes
the lowest values most important (Pellicane
1983; Pellicane and Collins 1984, 1985; de
Melo et al 2000). The Kolmogorov-Smirnov
(K-S) test was also used at the lower tail of the
distributions to evaluate goodness of fit at this
crucial location for stress development (de Melo
et al 2000). Consequently, the K-S test was
adopted as the test criteria for evaluating the
function distribution in this study. Although the
data distribution functions were used to model
MOE and MOR distribution for both dimension
lumber and small clear wood, no report regard-
ing ultimate tension strength (UTS) and ulti-
mate compression strength (UCS) was found.
In particular, the 3p-lognormal function has
never been applied to assess wood mechanical
properties. This study aimed at using the distri-
bution functions Johnson’s SB, 2p-lognormal,
3p-lognormal, normal, 2p-Weibull, and 3p-
Weibull to fit the MOE, MOR, UTS, and UCS
of populations of larch dimension lumber of
three different sizes in four structural grades.
Using the K-S test, the goodness of fit for each
distribution function was evaluated. The opti-
mal data distribution function was selected for
describing MOE, MOR, UTS, and UCS of
dimension lumber through the comparison of
goodness of fit. Furthermore, impacts of struc-
tural grade and size on the data distribution
function of dimension lumber were also investi-
gated. The 5- and 50-percentile values of MOE,
MOR, UTS, and UCS of larch dimension lum-
ber were estimated using the inverse function
of various distribution functions and compared
with the corresponding figures obtained with a
nonparametric method.
MATERIALS AND METHODS
Materials Preparation
A total volume of 454 m3 of larch logs with diam-
eters of 16.0-42.0 cm and a length of 4.0 m were
obtained from Xinlin County of Heilongjiang
Province, China. The determination of the vol-
ume of different samples with diameter to be
tested in the study was in strict compliance with
their natural stock volume. The natural distribu-
tion of stock volume of specimens with diame-
ters of 16-20, 20-24, 24-28, 28-32, and 32-42 cm
accounted for 28.09, 40.38, 17.21, 9.45, and
4.87% of the sampling stand, respectively. The
same percentage was adopted in the test volume
for the sample of various diameters to ensure
that the sampling method provided a good
reflection of the natural forest components.
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Sawn from the logs, the dimension lumber was
kiln-dried to a moisture content of approxi-
mately 15%. Specimens of three different sizes,
40  65  4000 mm, 40  90  4000 mm, and
40  140  4000 mm, were prepared. A total of
7459 specimens was graded by a qualified lum-
ber grader to four grades: select structural (SS),
No. 1, No. 2, and No. 3, according to the visual
grading standards of the National Lumber Grades
Authority (NLGA) of Canada (NLGA 2007).
Nondestructive testing in the form of longitudi-
nal fundamental frequency vibration was con-
ducted on the in-grade larch dimension lumber
to obtain the dynamic MOE (DMOE). Based on
average DMOE values, specimens were sorted
into three groups to average the coefficient of
variation for each group. MOE, MOR, UTS, and
UCS of these three groups of dimension lumber
were measured. Specimen numbers for each
group are shown in Table 1.
Mechanical Properties Testing Methods
MOE, MOR, UTS, and UCS of larch dimension
lumber were measured according to ASTM
(2004b). When MOE and MOR were measured,
all specimens were destructively tested along
their edges under third-point loading at a span-
to-depth ratio of 18:1. Load and corresponding
deflection-to-failure data were obtained with a
data acquisition system connected to a com-
puter. For the UTS test, a length of 2.5 m from
the middle point of the specimen was chosen to
be the testing area. With a full length of 4.0 m,
the short-axis method was adopted for the UCS
test. UCS of the two specimens containing the
greatest and second greatest strength decreasing
defects in a piece of dimension lumber was
tested individually. The lower UCS was deemed
to represent the UCS of the lumber. Specimen
length varied depending on cross-section size, ie
the 40 65-mm cross-section was 250 mm long,
The 40 90-mmcross-sectionwas 350mm long,
and the 40 140-mm cross-section was 450 mm
long. For all mechanical properties tests, failure
time was preset at about 1 min. After specimen
destruction, a 10-mm-thick specimen was cut
adjacent to the destructed area to determine
moisture content. Finally, MOE, MOR, UTS,
and UCS values were adjusted to a standard
moisture content of 15% and size of 38  184 
3658 mm according to ASTM (2004a).
Parametric Distribution Models
The six distributions used in this study to quan-
tify the variability of lumber properties were
Johnson’s SB, 2p-lognormal, 3p-lognormal, nor-
mal, 2p-Weibull, and 3p-Weibull. The probabil-
ity distribution functions with a description of
their associated variables are illustrated in the
following forms (MathwaveTechnologies 2004).
Johnson’s SB distribution:
f xð Þ ¼ d
l
ffiffiffiffiffi
2p
p 1
z 1 zð Þ
exp  1
2
gþ d ln

z
1 z
 2" #
ð1Þ
where g is shape parameter, d is shape parameter
(d > 0), l is scale parameter (l > 0), and x is
location parameter, z ¼ xxl .
3p-lognormal distribution:
f xð Þ ¼ 1
x gð Þs ffiffiffiffiffi2pp
exp  1
2
ln x gð Þ  m
s
 2" #
ð2Þ
Table 1. Property values for different sizes (cross-section) and grades of dimension lumber.a
Properties
40  65 mm 40  90 mm 40  140 mm
SS No. 1 No. 2 No. 3 SS No. 1 No. 2 No. 3 SS No. 1 No. 2 No. 3
MOE/MOR 212 109 261 282 458 205 291 169 261 28 136 64
UTS 212 102 271 283 502 211 319 171 260 26 139 64
UCS 207 109 271 284 418 207 274 147 262 29 142 73
a SS, select structural; MOE, modulus of elasticity; MOR, modulus of rupture; UTS, ultimate tensile strength; UCS, ultimate compression strength.
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where s is scale parameter (s > 0), m is location
parameter, andg is locationparameter (g¼ 0yields
the 2p-lognormal distribution).
Normal distribution:
f xð Þ ¼ 1
s
ffiffiffiffiffi
2p
p exp  x mð Þ
2
2s2
" #
ð3Þ
where s is scale parameter (s > 0) and m is
location parameter.
3p-Weibull distribution:
f xð Þ ¼ a
b
x g
b
 a1
exp  x g
b
 a 
ð4Þ
where a is shape parameter (a > 0), b is scale
parameter (b > 0), and g is location parameter
(g ¼ 0 yields the 2p-Weibull distribution).
Goodness-of-Fit Criteria (Kolmogorov–
Smirnov Test)
Based on the empirical cumulative distribu-
tion function (ECDF), this test was used to
determine if a sample came from a hypothe-
sized continuous distribution. Let us assume
there was a random sample x1. . . xn from
some distribution with cumulative distribution
function F(x). The ECDF was denoted by
Fn xð Þ ¼ 1n ½number of observations £ x.
The K-S statistic (D) is based on the greatest
vertical difference between the theoretical and
the ECDF.
D ¼max
1£i£n
F xið Þ  i 1
n
;
i
n
 F xið Þ
 
ð5Þ
The hypothesis regarding the distributional
form is that it is rejected at the chosen signifi-
cance level (a) if the test statistic, D, is greater
than the critical value obtained from a table.
The fixed values of 0.01, 0.05, etc, are gener-
ally used to evaluate the null hypothesis (H0) at
various significance levels. A value of 0.05 is
typically used for most applications. However,
in some critical industries, a lower value may
be applied.
With the software Easy Fit 5.5 (Mathwave
Technologies 2004), there were four mechanical
properties (UCS, UTS, MOE, and MOR), four
categories of cross-sections (40  65 mm, 40 
90 mm, 40  140 mm, and a mix of these three
cross-sections), and five visual grades (SS, No.
1, No. 2, No. 3, and a mix of these four visual
grades). Therefore, the statistics in the database
totaled 80 (80 ¼ 4  4  5). The K-S test was
used to evaluate the goodness of fit of Johnson’s
SB, 2p-lognormal, 3p-lognormal, normal, 2p-
Weibull, and 3p-Weibull in describing the
data. Then the mentioned distribution functions
were rated according to their goodness of fit
in an ascending order of 1 through 6, in which
1 stood for the best goodness of fit and 6 for
the worst. The average of the rating grades of
various distribution functions in describing a
specific property was used to rank the good-
ness of fit of each distribution function in
describing each mechanical property. Thus,
the optimal fit function was discovered. The 5-
and 50-percentile values of each mechanical
property were obtained using the inverse func-
tion of the distribution functions.
RESULTS AND DISCUSSION
The 80 data sets were examined using the soft-
ware Easy Fit 5.5 (Mathwave Technologies
2004), and the resulting parameters of various
distribution functions in describing MOE, MOR,
UTS, and UCS are shown in Tables 2-5, respec-
tively. The ranking of the goodness of fit of these
distribution functions in describing MOE, MOR,
UTS, and UCS are shown in Tables 6-9, respec-
tively. Subsequently, the 5- and 50-percentile
values of each mechanical property were obtained
using the inverse function of these distribution
functions (Tables 10-13).
As seen in Table 6, the ranking of the goodness
of fit of six distribution functions in describing
MOE of different sizes and structural grades
of larch dimension lumber was 3p-lognormal
(1.55), SB (2.20), 3p-Weibull (3.35), 2p-lognormal
(3.40), normal (3.75), and 2p-Weibull (5.70).
The optimal distribution function in this regard
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was the 3p-lognormal distribution followed by
the SB distribution. For MOE of 20 data sets,
3p-lognormal ranked top in fitting 15 data sets,
second for 2 sets, third for 1 set, and fifth for
2 sets of cross-sections of 40  65 and 40 
140 mm of No. 1 grade. For different grades of
the same size, 3p-lognormal ranked top for
describing all MOE of all grades except for
No. 1. It was concluded that the MOE data
distribution of larch dimension lumber was
independent of grade.
To examine the impact of specimen cross-section
size onMOEdistribution of lumber,MOE data of
the same size of four grades, namely, SS, No. 1,
No. 2, and No. 3, were mixed for the analysis.
Results showed that 3p-lognormal best described
MOE for all sizes, which suggests that the MOE
data distribution of larch dimension lumber was
independent of size and structural grade.
As previously discussed, 3p-lognormal was the
optimal distribution function in describing MOE
of larch dimension lumber based on the ranking
of goodness of fit. However, the 3p-lognormal
function was never used to assess wood mechan-
ical properties in previous studies. It was discov-
ered that the MOE data distribution of larch
dimension lumber (Pellicane and Collins 1984,
1985) and six species of Brazil hardwood small
clear specimens (de Melo et al 2000) complied
with Johnson’s SB distribution. It was reported in
the book Canadian Lumber Properties edited by
Barrett and Lau (1994) that the MOE data dis-
tribution complied with normal distribution. Fur-
thermore, 5- and 50-percentile values of MOE
of the lumber of different sizes and grades were
obtained using the inverse function of these
six distributions (Table 10). It was suggested
that the 5- and 50-percentile values estimated
using the inverse function of 3p-lognormal were
the closest to the corresponding figure obtained
by the nonparametric method. Their difference
fell into the ranges of 3.86 to þ4.83% and
1.01 to þ0.64%, respectively. In contrast, the
maximum differences were at 10.51 and 2.95%
for the 5- and 50-percentile values, respectively,
using the inverse function of 2p-Weibull function.
Because the 50-percentile value of the MOE data
distribution has been commonly accepted as the
characteristic value of MOE of dimension lum-
ber, it is essential to obtain the optimal distribu-
tion function to accurately estimate the MOE
characteristic value. Thus, it was confirmed that
3p-lognormal was the optimal distribution func-
tion in describing the MOE data distribution of
larch dimension lumber according to the rank-
ing of goodness of fit among the six func-
tions by means of K-S test and the estimation
of the 5- and 50-percentile values.
According to the goodness of fit for MOR, UTS,
and UCS of larch dimension lumber (Tables 7-
9), the optimal fit function was Johnson’s SB
followed by 3p-lognormal. In terms of different
grades of the same size, Johnson’s SB was the
optimal distribution function in describing all
properties of all grades except for No. 1. This
was because of the small sample sizes of No. 1
grade. As for MOR, UTS, and UCS for larch
dimension lumber of three grades of mixed sizes
(40  65, 40  90, and 40  140 mm), the
optimal fit function was Johnson’s SB followed
by 3p-lognormal, which shows that MOR, UTS,
and UCS data distributions of larch dimension
lumber were independent of size. The Johnson’s
SB distribution was the optimal distribution
function in describing all the MOR, UTS, and
UCS data of three sizes of the same grade,
which further confirmed that the MOR, UTS,
and UCS data distribution of larch dimension
lumber was independent of size and grade. The
same conclusion was drawn when all data of
all sizes and grades were taken into account.
The 3p-Weibull distribution was introduced by
Pellicane and Bodig (1981) to describe the data
distribution of MOR of Douglas-fir and larch
dimension lumber. Barrett and Lau (1994)
reported that Weibull distributions had been
used increasingly for modeling lumber strength.
However, some also believe that the distribution
of the mechanical properties of LVL dimension
lumber comply with the 2p-lognormal distribu-
tion (Ranta-Maunus and Fonselius 2001). In this
study, it was concluded that the MOR, UTS, and
UCS data distribution of larch dimension lumber
was independent of size and grade. In this regard,
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Johnson’s SB was the optimal fit function.
Tables 11-13 present the 5- and 50-percentile
values of the MOR, UTS, and UCS data distribu-
tion of larch dimension lumber of different sizes
and grades obtained using the inverse function
of the six distribution functions. It was suggested
that the 5- and 50-percentile value estimation
using the inverse function of Johnson’s SB was
the closest to the corresponding figures derived
using the nonparametric method. The differ-
ences in MOR, UTS, and UCS fell into the
ranges of 11.29 to þ3.32%, 8.03 to þ9.59%,
and 3.93 to þ4.67% for the 5-percentile value
and 2.91-2.69, 1.86-3.82, and 0.98-2.52%
for the 50-percentile value, respectively. In con-
trast, the maximum differences were at 31.29,
76.28, and 3.13% for the 5-percentile value and
8.19, 20.88, and 4.92% for the 50-percentile
value of MOR, UTS, and UCS data using the
inverse function of the normal function in this
study. It was revealed that Johnson’s SB was
the optimal distribution function for describing
the MOR, UTS, and UCS data distribution of
larch dimension lumber according to the rank-
ing of goodness of fit of the six functions by
means of K-S test and the estimation of the
5- and 50-percentile values.
CONCLUSIONS
The 3p-lognormal distribution was superior to
Johnson’s SB, 3p-Weibull, 2p-lognormal, nor-
mal, and 2p-Weibull distributions in describing
MOE data of larch dimension lumber. With the
inverse function of the 3p-lognormal, the esti-
mated 5- and 50-percentile values were closest
to the corresponding figures obtained by the
nonparametric method and the differences fell
into the ranges of 3.86 to þ4.83% and 1.01
toþ0.64%, respectively. Johnson’s SB distribution
was superior to the 3p-lognormal, 3p-Weibull,
2p-lognormal, 2p-Weibull, and normal distribu-
tions in describing the MOR, UTS, and UCS data
of larch dimension lumber. The estimated 5- and
50-percentile values using the inverse function of
Johnson’s SB were closest to the corresponding
figures derived using the nonparametric method.
The differences in MOR, UTS, and UCS were
in the ranges of 11.29 to þ3.32%, 8.03 to
þ9.59%, and3.93 toþ4.67% for the 5-percentile
value and 2.91 to þ2.69%, 1.86 to þ3.82%,
and 0.98 to þ2.52% for the 50-percentile
value, respectively. It was concluded that the
MOE, MOR, UTS, and UCS data distributions
for larch dimension lumber were independent of
size and grade.
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